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Abstract. We show that the set of the equivalence classes of multi- 
foliate structures is in one-to-one correspondence with the set of equiv- 
alence classes of finite complete projective systems of vector space epi- 
morphisms. After that we give the complete description of all product 
preserving bundle functors on the categories of multifibered and multi- 
foliate manifolds. 
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In the middle 1980s Eck [2], Kainz and Michor [3], Luciano [8] described all 
product preserving bundle functors on the category of smooth manifolds in terms of 
Weil bundles [T^J (see also p]). In 1996 Mikulski [9] classified all product preserving 
bundle functors on fibered manifolds. In the recent years Weil functors and product 
preserving functors are of great interest, see e.g. Kolaf and Mikulski [6], Kriegl and 
Michor [7], Munos, Rodrigues, and Muriel [11], Mikulski and Tomas [TOl [13] . 

Kodaira and Spencer in [1] introduced the notion of a multifoliate structure on 
a smooth manifold. In the present paper, we introduce the category of multifibered 
manifolds which is a subcategory of the category of multifoliate manifolds and, 
following the lines of Mikulski [9], describe all product preserving bundle functors 
on these categories. 

We denote the category of smooth manifolds hj A4f and that of fibered manifolds 
by J-'Ai |5]. All manifolds and maps between manifolds under consideration are 
assumed to be of class C°°. 



1 Projective systems of vector spaces 

Let (A = {a, (3, . . .}, <) be a partially ordered set. A projective system (an inverse 
system) over A [1\ is a collection (5*0, Cf, A) consisting of sets Sa, a G A, and maps 
Ca '■ ^13 ^ 'S'q,, a < P, called projections, such that Co = ids^ for all a G A and 
= C2 when a < P < J. The projective limit of a projective system {Sa, Cf ; A.) 
is the subset 

S = lim Sa C Y\ 
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consisting of all elements x = (xa) such that Ca^^p) — ^a- If the set 5" is not empty, 
then hj : S ^ Sp we denote the map which sends x — {xa) into xp. These maps 
are called canonical projections. 

It will be convenient to denote projective systems under consideration as follows: 

In this section, we will consider projective systems of vector spaces ^ = (L^, , A, L) 
satisfying the following conditions: 

i) Lq,, a G a, and L are finite-dimensional vector spaces over R; 

ii) all the maps and are linear epimorphisms. 

By an isomorphism between two projective systems ^ = (La, , A, L) and C,' = 
(L^,, A', L') we mean a collection {u},{ijja}a£A) consisting of an isomorphism 
a; : A — > A' of partially ordered sets and linear isomorphisms ipa '■ ^ ^'ui(a) ^^^^ 

that ^l^l^j ° i^fS = i^a ° a < p. An isomorphism (tu, {i/^ajaeA) gives rise to the 

isomorphism ip :— lim'^Q : L ^ L' defined by ip{{xa)) — {'ipai^a))- The map ip is 
the unique isomorphism between L and L' such that ^u}{a) ° — i^a ° Ca- Projective 
systems ^ = (L^, , A, L) and ^' = (L^,, A', L') are said to be isomorphic if there 
exists an isomorphism between them. 

An isomorphism from C, to itself of the form (id, {fa}aeA) is said to be an auto- 
morphism of ^. Denote by GL{^) the group of all linear automorphisms of L of the 
form / = lim/o, where (id, {/q,}) is an automorphism of ^. 

Definition. A vector subspace i^T C L is said to be invariant if every / e GL{^) 
maps K into itself. 

One can easily see that the sum and the intersection of two invariant subspaces 
are invariant subspaces. For any a e A, the subspace Ka ■= ker^Q, C L is invariant 
and La = L/ K^- In what follows we will identify and L/ K^- 

Definition. A projective system ^ = (Lq,,^^,A,L) is said to be complete if any 
finite-co dimensional invariant subspace of L is of the form ker for some o; e A. 

Let ^ = (Lq, , A, L) be a projective system (not necessarily complete). Consider 
the set {^o}agA of all finite-codimensional invariant subspaces Ka of L. For any two 
invariant subspaces Ka, Kf, such that Ka D Kb, denote by : Lf, = L/K^ ^ La = 
L/Ka the canonical epimorphism. Let us endow A with the partial order defined 
as follows: a < 6 if and only if Ka ^ K^. One can easily see that the collection 
^ = {La, ^ay A, L = limLa) is a complete projective system. We call it the completion 

of ^. Obviously, ^ is complete. Since, for any a E A, the subspace Ka = ker^^ is 
invariant, one can consider A as a subset of A. 

Definition. A projective system ^ = (La,^f, A,L) is called finite if A is finite. 

Obviously, when ^ is finite, its limit L is a finite-dimensional vector space. 
Proposition 1.1. If ^ — (L^,^^, A, L) is a finite complete projective system then 
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(1) A contains the greatest element e; 

(2) L is isomorphic to L^. 

Proof. Indeed, the zero subspace is invariant and of finite codimension. 

Definition. Two projective systems ^ = (Lq,,^^,A, L) and ^' = (L'^, A', L') 
are said to be equivalent if there exists an isomorphism (p : L ^ L' such that 
(fo f o (f-'^ e GL{^') for any / e GL{^) and 

^:feGL{0^<pofo<p-'eGL{a 

is a group isomorphism. 

One can easily sec that isomorphic projective systems are equivalent. 

Proposition 1.2. Let = {L^, , A, L) be a projective system and^ — (L^, A, L) 
its completion. Then ^ and ^ are equivalent. 

Proof. In fact, the maps 

(/? = ((/7a) : L, (fa-. L3 X= {Xa)^^X ^Xae La 

and 

Ip = [ipa) ■■ L L, Ipa ■ L 3 X X + Ka e La = L/Ka 

are mutually inverse isomorphisms which induce an isomorphism of the groups GL[^) 
and GL{^). □ 

The proof of the following proposition is immediate. 

Proposition 1.3. // complete projective systems C, ~ (La,^^,A, L) and ^' — 

(-^a) 'Cf'i A', L') are equivalent, then ^ is isomorphic to 

Definition. Let ^ = (L„,,^f, A, L) be a projective system. A local diffeomorphism 
ip : U (Z L ^ V <Z L between two open subsets of L is called a ^-dijjeomorphism if 
for any x e U there exist an open subset W{x) C U and a system of diffeomorphisms 
Wa ■ CaiW) ^ai^iW))}aGA such that ifia o ^ o V for any a e A. 

Denote the pseudogroup of all ^-diffeomorphisms by r(^). The tangent map dipx 
of any ^-diffeomorphism (p : U V ai every point x & U can be viewed as an 
element of GL{^). 

Definition. A ^-structure on an n-dimensional smooth manifold (n = dimL) is a 
maximal atlas compatible with the pseudogroup r(^). A smooth manifold endowed 
with a ^-structure is called a ^-manifold. 

Definition. Let ^ = {La, , A, L) and C^' = (L^, A, L') be two projective systems 
over the same partially ordered set A. A smooth map g : U CL— >FcL'is called 
a A-smooth map if for any x G U there exist an open subset W{x) <ZU and a system 
of smooth maps {g^ : Ca{W) ^ai9iW))}aeA such that o ^ ° 9 for any 
a e A. 
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Definition. Let M be a ^-manifold and M' a ^'-manifold. A smooth map f : M —>■ 
M' between a ^-manifold M and a ^'-manifold M' is called a A-smooth map if it is 
A-smooth in terms of the atlases defining ^- and ^'-structures on these manifolds. 

For a fixed finite partially ordered set A, all ^-manifolds for all projective systems 
^ over A together with A-smooth maps as morphisms form a subcategory A^/proj(A) 
of the category ^Af. 

Proposition 1.4. The category A4fpj.oj{A) admits products. 

Proof. Let M be a ^-manifold and M' a ^'-manifold, where ^ = (Lq,,^^,A,L) and 
^' = (L;^,^'f,A,L'). Then M x M' is a x ^')-manifold, where ^ x ^' denotes the 
projective system (Lq, x x ^'f,A,L x L'). □ 

2 Multifoliate manifolds 

Multifoliate structures on smooth manifolds were introduced by K. Kodaira and 
D.C. Spencer |1] as follows. 

Definition. A pair {A,p) consisting of a finite partially ordered set A and a surjec- 
tive map 

p : {1, . . . ,n} 3 i p{i) E A 
is called a multifoliate structure on the set {1, . . . ,n}. 

Denote by GL{A,p) the group of all linear isomorphisms 

satisfying the condition 

/j = if 

and by r{A,p) the pseudogroup of all local diffeo morphisms g : U G V G W"' 

such that dgx G GL{A,p) for all x eU. 

Definition. A {A, p) -multifoliate structure on an n-dimensional smooth manifold 
is a maximal atlas compatible with the pseudogroup r(A,p). We call the local 
coordinates determined by a chart of this atlas adapted coordinates. A smooth 
manifold endowed with a (A,p)-multifoliate structure is called a {A, p) -multifoliate 
manifold. 

Definition. Let M be a (A,p)-multifoliate manifold and be a (A,p')-multifoliate 
manifold. A A-multifoliate map f : M ^ N is a smooth map, satisfying the 
condition 

— = if p'{a) t p{%) 

in adapted coordinates. Clearly, this definition does not depend on the choice of a 
local coordinate system. 
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For a fixed finite partially ordered set A, all (A,p)-multifoliate manifolds for all 
surjective maps p : {1, . . . , n} — > A and for all natural numbers n > card A together 
with A-multifoliate maps as morphisms form a subcategory Aif^ of the category 
Aif. We call it the category of multifoliate manifolds over A. 

Proposition 2.1. The category A^/a admits products. 

Proof. If Ma is a (A,pa)-multifoliate manifold, pa '■ {1, ■ ■ ■ , ria} — > A, a = 1, 2, then 
the product Mi x M2 is a (A,p)-multifoliate manifold, where p : {1, . . . , ni+n2} A 
is defined by 




P2ii-ni), i>ni. 



□ 

Definition. We say that two multifoliate structures (A,p) and (A',p') on the same 
set {1, . . . , n} are equivalent if there exists a linear automorphism : ^ such 
that fofo if-^ e GL{A',p') for any / G GL{A,p) and 

$ : / G GL{A,p) ^^ofoif-^e GL{A',p') 

is a group isomorphism. 

Clearly, if (A,p) is a multifoliate structure on {1, . . . , n}, then, for each permu- 
tation cr on {1, . . . , n}, the multifoliate structure (A,p o a) is equivalent to (A,p). 

For a multifoliate structure (A,p) on {1, ... , n}, define the sets Ha = {i \ p{i) < 
a}, a G A, and let k{a) = card Ha- The vector spaces 

La = {(x*\...,a;**M) I x'' G M, G Ha, s = l,...,k{a)} 

and the natural epimorphisms pr^ : Ljj ^ La-, ot < j3, form a projective system whose 
limit can be naturally identified with M". Denote this system and its completion, 
respectively, by ^(A,p) and ^(A,p). 

Theorem 2.1. [12] The correspondence (A,p) v-^ C,{A,p) induces a bijection between 
the equivalence classes of multifoliate structures (A,p) and the equivalence classes 
of finite complete projective systems of vector space epimorphisms. 

Proof. We give here a sketch of the proof and refer for details to \12]. 

Show first that the correspondence (A,p) ^{A,p) induces a map from the set of 
equivalence classes of multifoliate structures to the set of equivalence classes of finite 
complete projective systems of vector space epimorphisms. By Propositions 1.2 and 
1.3, it suffices to show that the groups GL{A,p) and GL{C,{A,p)) are isomorphic. 
In fact, there is a natural isomorphism GL{A,p) —>■ GL{^{A,p)) which assigns to 
g G GL{A,p) a collection of maps {ga '■ La — * La} defined as follows: gaiVa) = 
TpTa{g{y)) where 1/ G is such that pTa{y) = ya- 

To prove that the correspondence indicated in the theorem is one-to-one, we 
need to pass to the dual inductive system [T]. 
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Let ^ = {La, A, L) be a finite complete projective system and let e G A be the 
greatest element. The dual spaces L* together with the dual maps (^f)* form an 
inductive system ^* = (L*, (^f)*, A). The existence of the greatest element implies 
that the inductive limit of ^* exists and can be identified with the dual space L*. 
Under this identification the dual maps ^* : L* — > L* are the canonical maps of C,*- 
Obviously, all the maps (^f)* and ^* are monomorhisms. We will call the inductive 
system ^ = (L*^, (Cf)*, A,L*) the dual of i. 

For any / G GL{^) and for each a G A, we have fa = f* ° C- 

Denote by GL{C,*) the group of all linear automorphisms h : L* ^ L* which 
are the limits of inductive systems of linear automorphisms /iq : L* L* . Since 
the maps are monomorphisms, it will be convenient to consider each L* as a 
subspace of L*. Then = h\Ll^ or, in other words, h maps L* into itself. The 
correspondence /(—>/* is an isomorphism of the groups GL{^) and GL{^*). 

The dual system ^* is complete in the sense that it contains all subspaces which 
are invariant with respect to each /* G GL{^*). 

By a chain in ^* we mean a sequence of embeddings 
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such that «! < 0:2 < . . . < Ofc and is the successor of in A, i = 2, . . . , k, (that 
is, ai-i < P < ai implies that either /? = or /? = ctj). The space L*^ is called 
the enc? of the chain. 

L* is said to be a subspace of the first floor if a is a minimal element of A. L* 
is said to be a subspace of the k-th floor if each chain with end L* is of length no 
greater than k and among all such chains there is at least one of length k. 

If L* is a subspace of the first floor, we choose a basis Ba = {e^, . . . , Ca"^} in L* 
and call the index a distinguished. Let Ci be the union of for all subspaces of 
the first floor. One can verify that the system Ci is linearly independent. In fact, 
the assumption that the system is linearly dependent contradicts the completeness 
of r (see yj for details). 

Let now L*^ be a space of the second floor. Then either L*^ C C{Ci}, where C{Ci} 
is the linear span of the system Ci , or one can choose a system of linearly independent 
elements 5^ = {e^, . . . , e^^} in L* such that L*^ = £{e^, . . . , ef^^} © (L* n C{Ci}). 
In the latter case the index f3 is also called distinguished. Let C2 be the union of 
Bi3 for all subspaces of the second floor. The system Ci U C2 is linearly independent 
(see [12] for details). 

Suppose that we have chosen systems Ce for every i < k. If L* is a space of 
{k + l)-th floor, then either L* C Ck '■= -CjCi U . . . U Ck} or there exists a system 

of linearly independent elements B^ = {e^, . . . , e^*-'''^} such that L* = {L* fl Ck) © 

£{e^, 67 '''■'}. In the latter case the index 7 is called distinguished. Let C^+i 
be the union of B^ for all subspaces of the {k + l)-st floor. As above, the system 
Ci U C2 U . . . U Cfc+i is linearly independent. 
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This process stops when we reach L* . As a result, we obtain a subset A' C A 
consisting of distinguished elements and the corresponding basis {e^, . . . , e"} in L* . 
Let p : {1, . . . ,n} ^ A' be the map defined as follows: p{m) = a where a is the 
minimal distinguished element such that e™ G L* . The pair {A',p) is a multifoliate 
structure on {1, . . . , n} and the group GL{^) is isomorphic to GL{h!,p). □ 

Corollary 2.1. For any finite partially ordered set A., the categories Al/proj(A) and 
Aifx o,re isomorphic. 

Corollary 2.2. Let (A,p) he a multifoliate structure on {1, . . . ,n} and ^{A,p) the 
corresponding projective system. Let ^{A,p) — (La,^^,A, L) be the completion of 
C{A,p) and {A',p') the multifoliate structure on {l,...,n} determined by ^{A,p). 
Then 

(1) the partially ordered sets A and A' are canonically isomorphic; 

(2) the multifoliate structures {A,p) and {A',p') are equivalent. 

Proof. (1) Every invariant subspace of C(A,p) is of the form 

= L/(ker^«in...nker^«J, 

where Q;i,...,Q;fc G A are pairwise incomparable. Thus, A is isomorphic to the 
set of all finite collections of pairwise incomparable elements (cti, . . . , a*;) endowed 
with the partial order defined as follows: (cci, . . . , ak) < . . . , if and only if 
ker n . . . n ker ^^3^ C ker ^a^p . . . n ker ■ 

The index (ai, . . . , ak) G A is distinguished if and only if A; = 1, and so the set 
of all distinguished elements is naturally isomorphic to A. 

(2) From Theorem 2.1 it follows that GL{A,p) = GL{^{A,p)) and GL{^{A,p)) ^ 
GL{A\p'). The rest of the proof follows from Proposition 1.2. □ 

Corollary 2.3. If{A,p) and {fl, q) are equivalent multifoliate structures on {1, ... , n}, 
then 

(1) the partially ordered sets A and Q are isomorphic; 

(2) there exists a permutation a on {1, . . . , n} such that q — poa. 

Proof. (1) Let (A',p') and {^',q') be the multifoliate structures corresponding to 
the complete projective systems ^{A^p) and ^{VL, q) respectively. The systems C(^)P) 
and q) are equivalent. By Proposition 1.3, these systems are isomorphic. Hence 
the sets A' and ^2' of their distinguished elements are isomorphic. By Corollary 2.2, 
A and are isomorphic. 

(2) Let uj : A 3 a ^ ijj{a) G be an isomorphism. Recall that, for any 
distinguished index [3 E A' = A, s{(3) denotes the number of linearly independent 
elements in the system 5^ defined in the proof of Theorem 2.1. One can easily see 
that the cardinality of the subset p~^{P) C {1, . . . , n} coincides with Since the 
projective systems i{A,p) and ^(f^,?) are isomorphic, for every distinguished index 
/3 G A' = A, the numbers and s(a;(/3)) coincide. This means that p~^{a) and 
q''^{u!{a)) have the same cardinality for any a G A. Prom this observation it follows 
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that one can find a permutation o on {1, . . . , n} such that q — p o a. In general, 
such a permutation is not unique. □ 



3 Multifibered manifolds. The classification 
theorem 



Definition. Let ^ = (Lq,,^^, A, L) be a projective system of vector spaces and let 
TT = (Mq,, 7rf , A, M) be a projective system such that all and M — hmMo, are 

smooth manifolds and all maps Trf : Afg Ma and tTq : M — >^ are surjective 
submersions. Let ^ be a ,^-structure on M. We call tt = (Ma,7rf,A, M) a multi- 
fibered manifold if the ^-structure ^ on M is compatible with all projections tTq in 
the following sense: for any point x — (xa) E M, there are charts {U, h) centered at 
X on M and {Ua,ha) centered at Xa on Ma, a e A, such that the following diagram 
commutes 

h 



U 



Ua 



It follows from Corollary 2.1 that M carries a structure of multifoliate man- 
ifold. For any point x = (xa) G M the projective system of tangent spaces 

= {Tx^Ma, (rfvrf)^^, A,T,M) is isomorphic to ^. 

Definition. A multifibered map / : tt — ¥ between two multifibered manifolds tt = 
{Ma, 7rf , A, M) and n = (Ma, 7f^, A, M) is a collection of maps {fa : M„ MajaeA 
such that for ell a < P the diagram 



tt; 



a 

Ma 



Mr- 



-^^^ Mr, 



commutes. Each multifibered map determines a unique smooth map f : M ^ M. 

Multifibered manifolds over A together with multifibered maps form a subcate- 
gory of the category Aif^ of multifoliate manifolds over A. We denote it by J-'Ai\. 

Proposition 3.1. The category J-'Ai\ admits products. 

Proof. If TT = (Mq,, 7rf , A, M) and Tf = (M^, 7f(^, A, M) are two multifibered mani- 
folds, then their product is tt x 7f : = {Ma X Ma, vrf X 7f^^, A, M X M). □ 

The categories J- Ma and A^/a are local categories over manifolds. 
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Definition. An inductive system of Weil algebra homomorphisms over A is a col- 
lection fi = (Aq,, A) consisting of Weil algebras Aa, a G A, and Weil algebra 
homomorphisms /i^ : — > A/^, a < P, such that = id^^ for all a G A and 
/x^ o = fx'^ when a < /5 < 7. Let n = (y4o,/i(^, A) and Jl = (A^,/!^, A) be two 
inductive systems of Weil algebra homomorphisms. By a morphism z/ : /i — > /I we 
mean a family u = {h'a)aeA of Weil algebra homomorphisms {ua : Aa A^} such 
that for all a < (3 the diagram 



Aa Aa 



Ap ^ — > A^ 



commutes. 



Theorem 3.1. Any product preserving bundle functor F on the category J^M.tv 
or AifA is uniquely determined by the inductive system /i = (yU^ : Aa Ap) of 
Weil algebra homomorphisms. Any natural transformation t] : F ^ F is uniquely 
determined by the morphism u : n ^ JI of inductive systems of Weil algebra homo- 
morphisms. 

Since, by Theorem 2.1, any multifoliate manifold is locally a multifibered mani- 
fold, it is enough to consider the case of a bundle functor F : TM.j^ T M.. 

The proof of the Theorem 3.1 is essentially the same as the Mikulski's proof [9J 
for the case of a bundle functor TM. TM.. We will reproduce the main scheme 
of the proof. 

Let /i = (Gq, /i^. A) be an inductive system of natural transformations of bundle 
functors, i.e., for any a G A, there is given a bundle functor Ga : M.f ^ T M. 
and for any G A such that a < /5, there is given a natural transformation 
[i'^ : Ga — > Gfi with the properties /i^ o /i^ = ^u" and /i^ = id. We define a bundle 
functor Ga '■ ^M.k — > J^M. as follows. 

Consider a multifibered manifold vr = (M„, vrf , A, M). We let 

n Ga{iT) := {{Xa) I Gp{'Ki){xp) = /x^ (M„) (x^) } C J] ^^(M,). 



The set H/i^al^) is a submanifold in Y\a&K^a{,Ma). We define the map 
as follows. Consider the bundle projection 

\[Ga{Ma) ^ 



La- 
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The image of its restriction to Ylfj, Ga{'K) coincides with M — hmMc^, thus defining 
the map Pyn(7r) : Gai'K) — > M which is a surjective submersion. 
Let / = {fa) : TT — > 7f be a multifibered map. We set 

Gaif) ■= the restriction of ]^Ga(/a)- 

The map 

n ■■ n ^ n ^"(^) 
fi fi ^ 

is well-defined since all are natural transformations. 
The correspondence 

TT G^: TMk^ J'M 

is a bundle functor. 

Now let Jl = {jl'p : Gq, — > Gf^) be another inductive system of natural transforma- 
tions of bundle functors. Suppose that there is given a family v = (z/^ : Ga — > Go) 
of natural transformations such that, for any manifold X and a < the diagram 

GUX) Ga{X) 

Gfs{X) J^i^ Gf,{X) 
commutes. Then we define the natural transformation 

U.Ga^U^Ga 

as follows. 

For a multifibered manifold tt = (M^, 7rf , A, M), we define the map 

n -^"(^) ■ n ^ U-'^M 

to be the restriction of YlaeA ^ai^a)- Since each is a natural transformation, the 
Yl^-p^ai''^) is well-defined. The family 



is a natural transformation. 

Let us denote by pt a one-point manifold. Consider a smooth manifold X. For 
any a e A, we construct a multifibered manifold ia{X) — {X^,r], A, X) in the 
following way. We let Xj — X ii ^ > a, and X^ — pt otherwise. Each projection 
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rj is cither the identity map idx : X ^ X ii ^ > a, S > a, ot the unique map 
ptx : X — > pt if 7 > a, 5 ^ a, or the unique map pt ^ pt if •y ^ a, S ^ a. 
Clearly, limXo, = X. We can consider any map / : X — > F as a multifibered map 

/ : ia{X) ipiy) for a < {3. Thus we obtain the bundle functors 



and the natural transformations 



id^ : 



ifs, a< (3, 



consisting of ^TWA-morphisms idx : ^a(X) — ij3{X). Obviously, the functors ic 
preserve products. 

Let F : J^Ma — > J^M. be a bundle functor. Consider the bundle functors 



G 



F . 



(2) 



If F preserves products, then the functors also preserve products. 

We define an inductive system fi^ = ((a*'^)^) of natural transformations as fol- 
lows: 

(/.^)^ F(id^) : Gl - GJ. (3) 

Let F : TM.^ TM. be another bundle functor, and let r] = {t]^^} : F — > F be 
a natural transformation. We define the family of natural transformations 



= {< ■■ g: - G^) 



by 



■.^Vi.ix):G:{X)^G^{X) 
for any manifold X. The diagram 



(4) 



G^JX) 



G${X) 



Gm 



GUX) 



commutes for any manifold X and any a < (5. 

Let F : TM.K — ^ TM. be a bundle functor. Following Mikulski, we construct a 
natural transformation 

Let TT = (Ma,7rf,A, M) be a multifibered manifold. For any a e A we define 
a multifibered map ja '■ ^ ^a(-^a) ^ follows: we let {ja)^ := tt^^ if a < 7 and 
Oq)7 ptM^ otherwise. 



11 



The image of the map 

CfgA qgA aeA 

is contained in YI^f (^)- Therefore, the map 

aeA qGA 

is well-defined. 

The family = {0^} : F — is a natural transformation. 
Let now fi = {^'^ : Gp) be an inductive system of natural transformations 

of bundle functors G^ : M.f ^ TM.. Consider the corresponding bundle functor 

F := H/^^a ■ -^-^A TM.. Denote by /i = Qi'^ : G^ — * G^ the corresponding 
inductive system of natural transformations ([3]). Then 

aeA 

where Xq, = X for a > 7, otherwise Xa = pt. 

For any manifold X and for any a G A, we define the map 

0^{X) : G,(X) ^ G,(X) (5) 

as the restriction of the standard projection Y[f3eA^p(-^(^) ~^ Ga{X). 
The families 

0„ = {^(X)} -.G^^G^ 

are natural transformations. They all are natural equivalences if and only if every 
map tJffjipt) : Ga{pt) Gpipt) is a diffeomorphism. The diagram 

G,(X) ^"^^^ ) G,(X) 
A^(X)| |/i-(X) 

G^(X) Gp{X) 

is commutative for any manifold X and any a < /3. 

Suppose now that the inductive system /i = : Ga — > G/j) satisfies the 
condition that all the maps fi'^ipt) : Ga{pt) —>■ Gis{pt) are diffeomorphisms. 

For any multifibered manifold vr = (Mq,, tt^, A, M) we let 



TT 



Ga(X) if vr = ia(X) for some X e aeA, 
Ga (tt) otherwise. 

12 



Then T'^(vr) is a fibered manifold over M = limMo,. We also define the map 
as follows: 

^ ^ r 0-\X) if7r = z,(X), 
\ idn^Gc,(vr) otherwise, 

where C«(X) : G^(X) = Yl^,Ga {^a{X)) G^{X) are defined by (P. We let 

aeA 

The correspondence T'^ thus defined is a bundle functor J-'M.a J^M., and the 
family 

J = {/J : T'^ ^ n G« 
J- j-^i 

is a natural transformation. 

If all Ga preserve products, then Ga{pt) = pt, hence the maps n^ipt) are diffeo- 
morphisms. In this case, / is a natural equivalence and the functor also preserves 
products. 

Let now Jl = (/I^ : Ga G/3) be another inductive system of natural trans- 
formations such that all Jl'^lpt) are diffeomorphisms, and let u = (z/^ : Ga —>■ Ga) 
be a family of natural transformations such that the diagram ([1]) is commutative. 
Following Mikulski, we define a natural transformation u = {^v} : T^^ ^ to be 
the composition 

: T^(vr) TT (vr) Y\ Ga (tt) ^ r^(vr) 

for any multifibered manifold vr. 

In the case F = the natural transformations : G^ G^ coincide with 

/x;^, i.e., 

/i^ = /i if F = T^'. 

Let F : TM.t^ T M. be a bundle functor such that (/x^)^(pt), a < are 
diffeomorphisms. 

Then we define a natural transformation k = {ktt} : -F ^ T'^ to be the compo- 
sition 

: F(vr) ^ (^) ^ (^) (6) 

for any multifibered manifold vr. 

The proofs of the following propositions are similar to the proofs of Theorems 2.1 
and 2.2 in ^gj. 
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Proposition 3.2. (1) Let F : TM.^ —>■ TM. he a product preserving bundle functor. 
Then the natural transformation k, : F T^^ is a natural equivalence. 

(2) If fi = [ijf^ : Ga — >■ Gp) is an inductive system of natural transformations 
between product preserving bundle fuctors G^ ■ Aif T M. and k is the natural 
transformation ^ for F = , then n : ^ and = id7^M(7r) for any 
multifibered manifold it. 

(3) For ji = {j/p : G^ — > Gp) the functor is a product preserving bundle 
functor on the category T M.k unique up to a natural equivalence such that the 
natural transformation fi^ corresponding to F = T^ coincides with fi. 

Proposition 3.3. Let F, F : J^M.\ TM. be two product preserving bundle 
functors. Let fx^ = {{fi^)"^ : G^ G^) and f7 = {{^i^Yp : G^ -> GJ) be the 
corresponding inductive systems of natural transformations. Let v = {ua : G^ 
G^) be the family of natural transformations such that the diagram 

G${X) ""'^^^ ~. Gj{X) 

is commutative for any manifold X . Then the natural transformation rj = {r^Tr} : 
F ^ F given by the compositions 

rj^ : F{n) T^"^ (n) T^^(7r) F(7r) 

is the unique natural transformation F F such that u"^ = Ua, where z/^ is defined 

Definition. We say that two bundle functors F and F are equivalent if there exists 
a natural equivalence rj : F ^ F. We say that two inductive systems of natural 
transformations ^ and Ji are equivalent if there exists a family v = (z/q) of natural 
transformations such that the diagram ([T]) is commutative for any manifold X. 

The following proposition completes the proof of Theorem 3.1. It is proved just 
the same as Corollary 2.3 in [9J. 

Proposition 3.4. The correspondence F ^ fi^ induces a bisection between the 
equivalence classes of product preserving bundle functors on the category T M.t^ and 
the equivalence classes of inductive systems of natural transformations of product 
preserving bundle functors on the category M.f . The inverse bijection is induced by 
the correspondence ^ T^ . 
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